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Abstract
In this paper we introduce a unifying approach to the generalized Turán problem and supersaturation results in graph theory. The supersaturation-extremal function satex(n, F : m, G)
is the least number of copies of a subgraph G an n-vertex graph can have, which contains at
least m copies of F as a subgraph. We present a survey, discuss previously known results
and obtain several new ones focusing mainly on proof methods, extremal structure and phase
transition phenomena. Finally we point out some relation with extremal questions concerning
hypergraphs, particularly Berge-type results.
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Introduction

Turán-type problems became a central topic with a variety of tools and beautiful results since
the early paper of Turán [62] on the forbidden subgraph problem concerning cliques. In general,
in a forbidden subgraph problem we look for the maximum value ex(n, G) for the number of K2
subgraphs, i.e. edges, in n-vertex simple graphs having so subgraphs isomorphic to G. If the
maximum value can be determined (asymptotiocally), we are also interested in the structure of
the extremal graphs. The fundamental theorem of Erdős, Simonovits and Stone [21] points out
that the threshold value will be quadratic in n except when G is a bipartite graph, a case where
not even the exact order of magnitude is known in general. For more details on the history of the
Turán-type problems we refer to the survey of Füredi and Simonovits [27].
From many notable extensions of the Turán function ex(n, G), in this paper we focus on two
generalizations, which have an emerging significance in recent years. The first one is usually called
”Generalized Turán problems”. Let F and G be arbitrary graphs. Alon and Shikhelman [4]
initiated the study of the function ex(n, F, G) which denotes the maximum possible number of
copies of F in a G-free graph on n vertices. Note that the case F = K2 being a single edge gives
back the well studied Turán function, and for specific graph pairs (F, G) a number of results were
known previously.
Another way to generalize the Turán problem is to study the so called supersaturation problem
(or Rademacher-Turán-type problem). This was systematically investigated first by Erdős and
Simonovits [18] in the same time as the pioneer result due to Rademacher (unpublished) revealed
a particular case, see [17]. Here the aim in general is to determine the minimum number of
subgraphs G in n-vertex graphs having m edges, in terms of m. This function was called the
supersaturation function of G, and it takes a positive value exactly if m > ex(n, G).
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The first main step towards the general case was studied by Moon and Moser [50] when F
is a triangle. A recent notable sharp result in this area is of Reiher [55], concerning the clique
case G = Kt for arbitrary t ∈ Z+ , which answered the question of Lovász and Simonovits [48].
In general, similarly to the basic Turán-function, there is an essential difference in terms of the
chromatic number of G, that is, we may expect asymptotically sharp results for χ(G) > 2 while in
the case χ(G) = 2 even the exponent of the function can be unclear in certain domains of m.
A sharp result in the latter case is only known for graphs K2,t due to the second author [52] and
He, Ma and Yang [40], based on earlier work of Erdős and Simonovits [18], and the construction of
Füredi [25]. In general we refer to the surveys of Simonovits and Füredi–Simonovits [27, 61] and
to [54] concerning the theory of supersaturation.
Both kinds of generalisations are not only interesting on their own but provide essential tools
for the original Turán-type problems (see [36]) or to apply the container method introduced in
[5, 59].
Our aim is to provide a unifying approach to these two generalisations. To do this, we introduce
the following function.
Definition 1.1 (Supersaturation-extremal function). The function satex(n, F : m, G) denotes the
minimum number of subgraphs G in an n-vertex graph having at least m copies of F as a subgraph.
Note that in case F = K2 , this is the original supersaturation function, while the generalized
Turán-problem is to determine the threshold where the function steps up to the positive range
from zero.
Observe that this problem is equivalent to determining the largest number of copies of F if we
are given an upper bound m0 on the number of copies of G. In the case G = K2 , we can assume
that we have exactly m0 edges. This question was first studied by Ahlswede and Katona [1] for
F = K1,2 . For further results see e.g. [2, 3, 56]. In Section 3 we show an example how the methods
of this area can be generalized to our setting.
Bollobás [10] considered satex(n, Kk : m, Kr ) for r > k. Let t(q, n, k) denote the copies of Kk
in the q-partite Turán graph on n vertices. He proved that satex(n, Kk : t(q, n, k), Kr ) = t(q, n, r).
Moreover, if we extend these known values of the function f (m) = satex(n, Kk : m, Kr ) in a convex
way, we get a lower bound on f (m) for every m. If, on the other hand, r < k, then the celebrated
Kruskal–Katona shadow theorem [43, 44] gives a bound that is sharp for infinitely many n (see
e.g. [13, 24] for some improvement for other values
of n).
P
Bollobás and Nikiforov [11] showed that if v∈V (G) dp (v) > (1−1/r)p np+1 +x, then G contains
more than
xnr−p
p26r(r+1)+1 rr
P
copies of Kr+1 . As v∈V (G) dp (v) is asymptotically the number of copies of the star on p + 1
vertices in G, this can also be interpreted as a supersaturation result for generalized Turán problems. Cutler, Nir and Radcliffe [14] recently studied the cases when both F and G are stars and
when G is a star and F is a clique. Halfpap and Palmer [39] showed for arbitrary graphs F and
G with χ(F ) < χ(G) that for every c there exists c0 such that if m > ex(n, F, G) + cn|V (F )| , then
satex(n, F : m, G) > c0 n|V (G)| . This result can be considered as the non-degenerate case of the
problem.
We are mainly interested in, and turn our attention to the so called degenerate case, when
both F and G are bipartite graphs. This case has been attracted significant interest since the
theory of supersaturation emerged, partly due to the beautiful conjecture of Erdős-Simonovits and
independently, Sidorenko, see [12, 17, 18, 20, 22, 60]. In the forthcoming sections we state general
bounds, investigate several cases concerning the most common bipartite graphs and summarise the
most central results and methods.
The paper is organized as follows. In Section 2 we briefly summarise the main phenomena and
methods in the area concerning the order of magnitude of the supersaturation-extremal function
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and the structure of the extremal graphs. Section 3 is devoted to a general theorem which extends
a result of Alon. From Section 4 to 7, we investigate several ways to generalize the AhlswedeKatona result by estimating the supersaturation-extremal function for complete bipartite graph,
paths or trees in general or cycles, where the number of certain complete bipartite graphs or paths
is given. Finally in Section 8 we show an example how these settings provide an easy application
to other extremal graph theory results and in Section 9 we point out the connection to extremal
hypergraph problems.

2

General phenomena

We set the main notations that will be used throughout the paper.
Notation 2.1.

• N (F, G) denotes the number of F -subgraphs in the graph G.

• For a set X ⊆ V (G) of vertices, d(X) := dG (X) denotes the co-degree of X, i.e. the number
of common neighbours of the vertices of X in G. For the degree of a single vertex y we use
the standard notion d(y).
• G denotes the complement of the graph G.
• t · F denotes the disjoint union of t distinct copies of the graph F .
• f (n)  g(n) means that

f (n)
g(n)

→ ∞ while n → ∞.

Apart from surveying known results as well as proving several new ones, our main focus is on
the following aspects: firstly on the methods which are applicable, secondly on the new phenomena
concerning the extremal structure. Key features in brief are phase transitions between families of
extremal structures appearing in Turán-type problems: quasi-cliques and quasi-stars in problems
concerning certain complete bipartite graphs, polarity graphs concerning paths and new structures
as well.
The full understanding of the function satex(n, F : m, G) for a certain pair of graphs F and
G consists of the determination of the threshold m = m0 from where the function takes positive
values - this is the generalised Turán problem -, its rate of growth in terms of m from m0 (sparse
case) and the behaviour of the function in the domain where a random injection of |V (F )| vertices
determines a subgraph isomorphic to F with a positive probability (dense case). An example for
a problem concerning this latter case is the Erdős-Simonovits-Sidorenko conjecture.
Mainly, we only investigate the asymptotic behaviour of the function, although we also mention
some partial results for the sparse cases in special cases. The reason for this is the following: even
in the simplest cases, say, satex(n, K1,3 : m, K1,1 ) some evidence were pointed out [56] which shows
that the asymptotic results cannot be strengthened in some sense, that is, the asymptotically best
configurations may fail to provide the optimal construction in sporadic cases.
A recent paper of Day and Sarkar [15] points out even more by disproving a conjecture of Nagy
[51]. The conjecture was that for all G, the maximum of N (G, H) over n vertex graphs of given
edge density is asymptotically attained on either a quasi-star or a quasi-clique graph. This result
suggests that even to understand the asymptotic behaviour can be a challenging problem.
Several approaches have been introduced and developed during the investigation of particular
cases of satex(n, F : m, G). Without the need to strive for completeness we mention graph limit
techniques, algebraic graph theoretic, in particular spectral results, flag algebra calculus as leading
examples.
We also investigate the possible applications of tiling-type results due to Alon [2], Jensen-type
convexity reasonings in the spirit of Erdős and Simonovits [19], concatenations, matrix inequalities
and extremal hypergraphs results.
Speaking of the supersaturation-extremal function, a closely related problem is to prove inequalities between the densities of various bipartite subgraphs in graphs, when the density is the
3

homomorphism density. The Sidorenko conjecture itself, namely the form t(F, G) ≥ t(K2 , G)|E(F )|
states also a supersaturation result since it can be rewritten
as follows. Let F be a bipartite graph

and let G be any graph with n nodes and m = p n2 edges, then the number N (F, G) of copies of

n
|E(F )| |V (F )|
n
). This statement, which was proved for several
F in G is at least p|E(F )| |V (F
)| + o(p
graph families [12, 22, 60, 47] would show that the supersaturation problem and the problem of
homomorphism densities has the same numerical answer asymptotically if p = Ω(1). The emerging
theory of graph limits provided further instances for inequalities between subgraph densities, see
[46, 57, 58], which can be interpreted similarly in terms of the supersaturation-extremal function,
but typically only provide asymptotically good bounds when the subgraph density is high.

3

A general bound

Alon [2] showed that if H has a perfect matching, then the most number of copies of H in graphs
having k edges is asymptotically in the quasi-clique. In our language, it means he asymptotically
determined satex(n, H : m, K2 ), while the case of other graphs H is left open. For example, it
implies the result for paths with even number of vertices. For paths with odd number of vertices,
the exact result is known for P3 [1] and the asymptotic result is known for P5 [51], but not for
longer paths.
Here we show that his simple proof can be generalized to our setting.
Theorem 3.1 (Supersaturation for tilings). Suppose that t · F is a spanning subgraph of H for a
suitable t. Let k  n|V (F )|−1 . Let r ≤ n be the largest integer such that Kr contains at most k
copies of F . Assume G contains at most k copies of F . Then N (H, G) ≤ (1 + o(1))N (H, Kr ).
Equivalently, let m  n|V (H)|−t and q ≤ n be the smallest integer such that Kq contains at
least m copies of H. Then satex(n, H : m, F ) = (1 + o(1))N (F, Kq ).
Proof. We follow the ideas of Alon [2]. Let us choose H by choosing first t · F , and then the other
edges needed to complete t · F to H. Observe first that there are at most k ways to choose a single
copy of F in G, thus at most (1 + o(1))k t /t! ways to choose t · F .
We claim that there are (1 + o(1))k t /t! ways to choose t · F in Kr . There are k 0 := N (H, Kr ) =
(1 + o(1))k ways to choose the first copy of F . Then we pick another copy, disjoint from it. There
are at least k 0 − |V (F )|n|V (F )|−1 ways to do this. Indeed, a copy that is not disjoint from the
first copy has to contain one of the |V (F )| vertices from the first copy, and there are at most n
ways to choose its other vertices. The same way, we can always pick a copy of F disjoint from the
previous copies in at least k 0 − t|V (F )|n|V (F )|−1 = (1 + o(1))k ways. Thus altogether there are
(1 + o(1))k t /t! ways to pick t · F in Kr .
It is left to pick the remaining edges. Observe that the number of ways to pick them is maximised
by the clique, as every possible edge we might want to pick is contained in the clique.

4

Complete bipartite graphs

The generalized Turán problem ex(n, Ks,t , Ka,b ) was studied for different values of the parameters
in [4, 7, 30, 49]. Here we will focus on the case t = 1.
We will need a variant of the power mean inequalities to compare certain functions of binomial
coefficients.
Lemma 4.1. Let d1 , . . . , dn be non-negative integers and a ≥ s be positive integers. Then
 s
 a

Pn
 
n
X
s! dsi
s
1
di
i=1
a!
≥ 
− a + 1  ,
n i=1
a
n
+
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provided that the average of the numbers di is at least a. Here f (x)+ means the positive part of
the expression, that is, f (x)+ = max{0, f (x)}.
Proof. We start with a well known inequality. Suppose that xi ≥ q > 0 are real numbers and s is
a positive integer then
!s
rP
n
s
1X
s
s
i xi
(xi − q) ≥
−q .
(1)
n i=1
n
This follows from the triangle inequality applied to the s-norm of the vectors (x1 − q, . . . , xn − q)
and (q, . . . , q) of Rn .
Let us assume that all d0i s are at least a − 1. Now, we have
 
n
n
di
1X
1X
a
a!
(di − a + 1) .
≥
n i=1
n i=1
a
Using the power mean inequality for the ath and sth powers of the numbers (di − a + 1), we obtain
v
v
u n
u n
u1 X
u1 X
a
s
s
a
t
(di − a + 1) ≥ t
(di − a + 1) .
n i=1
n i=1
Here we may apply inequality (1) with xi = di , q = a − 1, which implies
!a
rP
 
n
s
d
1X
di
s
i i
a!
−a+1 .
≥
n i=1
a
n

Finally, observe that dsi ≥ s! dsi , to conclude to the desired inequality.
If the assumption di ≥ a − 1 fails on some di , then take the value a − 1 instead of all these di s.
The left hand side would not change, the right hand side could only increase, but for these newly
defined values, the lemma holds, so the extension works as well.
We would like to understand the behaviour of satex(n, K1,s : m, Ka,b ). Note that the case
s = 1 is already covered by the original supersaturation results. One would expect that a Kővári–
Sós–Turán type, or in other words, a Jensen-type bound holds, moreover the extremal graph is
”balanced”, that is, the degrees are almost the same and the distribution of the co-neighbourhoods
are almost the same as well. In some sense, this is partially true for certain cases while it is very
far from being true in other cases.
Theorem 4.2. Suppose that a ≥ s. Then

satex(n, K1,s

  n
n
a!
: m, Ka,b ) ≥
a

q
s

s!m
n

a
−a+1


n −1 
a

.

b

Proof. Let G be a graph with at least m copies of K1,s . This means that
X d(v)
m≥
.
s
v∈V (G)

We may fix first a set A of cardinality a in V (G) and count those sets in V (G) which have
exactly b vertices, which are all adjacent to the vertices of A; then we can sum this up to all a-sets.
This provides

5



X

N (Ka,b , G) =

A⊆V (G),|A|=a


d(A)
.
b

By applying Jensen’s inequality, we get

 P
n −1 
n
A⊆V (G),|A|=a d(A) a
N (Ka,b , G) ≥
.
a
b
Note that the sum of the co-degrees counts the number of ways one can choose a vertex from
V (G) and a neighbours of that vertex. Hence we obtain
X
X d(y)
d(A) =
.
a
A⊆V (G),|A|=a

Observe that if a ≥ s, then we can compare
of Lemma 4.1, which gives

y∈V (G)

P

y∈V (G)

r

X d(y)
n
≥
a!
a

s

y∈V (G)

d(y)
a



and

s!m
−a+1
n

d(v)
s



P

v∈V (G)

by the application

!a
,

provided that the expression in the bracket is at least zero, and this in turn implies


 P
  n
n −1 
n
n
a!
A⊆V (G),|A|=a d(A) a
N (Ka,b , G) ≥
≥
a
a
b

q
s

s!m
n

a
−a+1


n −1 
a

.

b

Remark 4.3. Theorem 4.2 can be asymptotically tight if almost all the co-neighbourhoods are of
the same size for the sets of size s or a, that is, if the graph is ’balanced’ in the above mentioned
way. In fact, the bipartite polarity graph shows that it is indeed possible for some values of the
parameters, meaning that the Theorem is asymptotically sharp.
Suppose now that b ≤ a < s. Unlike in the case of Theorem 4.2, we conjecture that the tight
bound is obtained in two really differently structured graph family in terms of the graph cardinality
m with a phase transition.
Notation 4.4. A graph F on n vertices is a quasi-clique if it is obtained by a clique of size t,
n − t − 1 isolated vertices and a vertex which is joint to some subset of the vertices of the clique.
A graph is a quasi-star, also called co-clique, if it is the complement of a quasi-clique.
Conjecture 4.5. Suppose now that b ≤ a < s, and m  na+b−1 . Then
satex(n, K1,s : m, Ka,b ) = (1 + o(1)) max{N (Ka,b , Kq ), N (Ka,b , Kr )},
where q = min{t ∈ Z : N (Ka,b , Kt ) ≥ m} and r = min{t ∈ Z : N (Ka,b , Kt ) > m}.
We remark that we can write the clique and its complement instead of the quasi-clique and
the quasi-star, as the asymptotics is the same. Note that there exists a constant ζ = ζ(a, b, s) > 0
such that ∀ε > 0, there exist a threshold n0 for which if n0 < n and m < (ζ − ε)na+b then
N (Ka,b , Kq ) > N (Ka,b , Kr ) while if n0 < n and m > (ζ− ε)na+b then N (Ka,b , Kq ) < N (Ka,b , Kr ).
This general statement is known to be true in case a = b = 1, which is equivalent to maximizing
the number of copies of K1,s if the number of edges is given. The case s = 2 coincides with the
well known result of Ahlswede and Katona [1] (note that they proved an exact result). This has
been generalized by Reiher and Wagner [56] for every star.
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Theorem 4.6 (Reiher, Wagner [56]). Given nonnegative integers n and m and an integer k ≥ 2,
the maximum number of copies of the star K1,k in a graph with n vertices and m edges is
max γ (k+1)/2 , η + (1 − η)η k

 nk+1
+ O(nk ),
k!


√
where γ = m/ n2 is the edge density and η = 1 − 1 − γ, thus the maximum is attained asymptotically either on the quasi-clique or on the quasi-star.
Our Conjecture 4.5 is verified in certain domain in the paper of Gerbner, Patkós, Nagy and
Vizer [34] for a = b = 1. Their result in our terminology reads as follows.
Theorem 4.7. For every graph H, there exists a threshold m0 = cn|V (H)| , c < 1 such that for
m > m0 , satex(n, H : m, K2 ) is asymptotically attained on the corresponding quasi-star.
Note that while one may suggest that these graphs could provide exclusively the extremal
graphs asymptotically, but it is not the case in general according to the results of [15] and [9].
Finally we mention some previously known partial results concerning complete bipartite graphs.
Conlon, Fox and Sudakov [12] proved the result which is related to a generalized version of
Sidorenko’s conjecture via the dependent random choice technique.
Theorem 4.8 ([12]). Let H be a bipartite graph with m edges which has r ≥ 1 vertices in the first
part complete to the second part, and the minimum degree in the first part is at least d. Then the
H (G)
homomorphishm density tH (G) := |Vhom
exceeds the respective power of the homomorphism
(G)||V (H)|
m

density (tKr,d (G)) rd of the complete bipartite graph Kr,d .
This gives back the Sidorenko-conjecture by taking r = 1 and d = 1. As we mentioned before,
the number homH (G) of homomorphisms of H is asymtotically equal to the number of copies of
H if homH (G) is large enough, thus this provides a supersaturation-extremal bound.

5

Paths versus paths; trees versus paths

A paper of Erdős and Simonovits [19] discusses the supersaturation of paths Pk of fixed length
when the number of edges is reasonably large, thus the number of paths Pk and the number of
walks of length k are of the same order of magnitude. Their result has been extended for trees by
Mubayi and Verstaete [63]. In the unified notation, the result reads as follows.
Theorem 5.1 (Mubayi-Verstaëte, [63]). Let Tt be any tree on t vertices and suppose that d ≥ t.
Then
1
satex(n, P2 : dn/2, Tt ) ≥ (1 − δ)
nd(d − 1) · · · (d − t + 2)
|Aut(T )|
where δ := δ(d) → 0 as d → ∞ and Aut(T ) denotes the group of automorphisms of the tree T .
This provides a sharp result up to the factor 1 − δ in view of the graph comprising n/(d + 1)
cliques of order d + 1.
Győri, Salia, Tompkins and Zamora [38] determined asymptotically the threshold from which
the function satex(n, Pk : m, Pt ) exceeds 0 for all k, t, i.e., they solved the Generalized Turán
problem for paths. The order of magnitude of this threshold is in general determined by Letzter
[45] for every Tt .
Here we discuss the common generalisation of the above results where we are given the number
of paths of length k ≥ 2. In order to do that, we introduce the weighted version of the subgraph
counter function.
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Notation 5.2. Suppose we have a weight function w : E(G) → R+ on the edges of G. Then the
weight w(F ) of a subgraph F is defined as the product of the weight of its edges, while F(w) (n, G)
denotes the sum of the weights of all subgraphs of G which are isomorphic to F , i.e.
X
Y
F(w) (n, G) =
w(e).
H⊆G,H∼F e∈E(H)

As it was noticed later, the supersaturation result of Erdős and Simonovits mentioned at the
beginning of this subsection follows from an earlier theorem about matrix inequalities, due to
Blakley and Roy.
Theorem 5.3 (Blakley-Roy, [8]). For any positive integer q > 1, non-negative real n-vector u and
non-negative real symmetric n × n-matrix S,
hu, Suiq ≤ hu, uiq−1 hu, S q ui
holds.
Observe that for S being the adjacency matrix of a graph and u being the all-one vector, we
get back the variant of Erdős and Simonovits on the number of walks of length q compared to the
average degree. If the graph is dense enough, the number of paths of length q can be estimated
easily using the number of walks, which yields their result.
We apply the Blakley-Roy inequality for weighted paths to get the next result. This will be a
leading example for the concatenation method. Suppose that there exists a graph H on a vertex
set of size |V (H)| with a subset of labelled vertices. A graph H 0 is obtained by concatenation from
a set of copies of H if H 0 can be built up by taking the copies of H and consecutively identifying
some of the labelled vertices of the next copy to the corresponding labelled vertices of a previous
copy. In the theorem below the path Pk plays the role of H and identification between certain
end-vertices provides the copy of a longer path G = Pt with t = q(k − 1) + 1. Note that the number
of copies of H 0 = Pt in G can be expressed via Notation 5.2 in the following way. Let us assign a
graph to G on the same vertex set V (G) and let the weight of an edge uv be the number of paths
isomorphic to Pk in G for which the endvertices are u and v. Then the weight of the subgraph Pq
in the weighted graph is equal to the number of paths Pt in G.
Later on, similar concatenation yields copies of cycles or Theta graph from paths if the labelled
vertices of the paths which are identified are the endvertices of the paths.
1

Theorem 5.4. Suppose that m  nk− q and t = q(k − 1) + 1 for some integer q > 1. Then


1
(2m)q
satex(n, Pk : m, Pt ) =
+ o(1)
.
2
nq−1
Proof. Take the n × n matrix S where each entry Si,j equals the number of paths of length k − 1
starting from vertex vi and ending at vj in an n vertex graph G which contains m0 ≥ m paths Pk .
Let u ∈ Rn be the all-one vector. Then the Blakley-Roy inequality reads as follows.
h1, S · 1iq ≤ h1, 1iq−1 h1, S q 1i.
The left hand side clearly equals (2m0 )q while h1, 1i = n. Notice that h1, S q 1i counts certain
walks of length q(k − 1), in fact those which are gained by the concatenation of q paths of length
k − 1 where the starting vertex of a path coincides with the end-vertex of the preceding path. By
the assumed lower bound on m, we get that nq(k−1)  h1, S q 1i. However, the number of walks
of length t which contain some vertices multiple times is O(nq(k−1) ), thus twice the number of
paths of length t is at least (1 − o(1))h1, S q 1i. This in turn implies the lower bound part of the
statement. Notice that a regular graph having asymptotically m paths of length k − 1 implies the
upper bound part as well.
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Remark 5.5. The lower bound on m in the assumption is far from being optimal, we conjecture
that the statement also holds if m  n (and q is a fixed number). However to keep the focus of
this paper we decided not to study the optimal bound here.
The above described concatenation also seems useful if an arbitrary tree Tt is gained from a
k − 2-subdivision of a tree Tq+1 , i.e. if every edge of Tq+1 is subdivided by k − 2 inner vertices, and
one aims to determine satex(n, Pk : m, Tt ), to get a similar result. The subdivision implies that
Tt can be built from paths of length k − 1 such that only starting and end-vertices of the paths
are identified. However the probabilistic method of [16] and [63] is slightly more involved to be
discussed here in details.
We end this section with a conjecture.
Conjecture 5.6. Suppose that k > `. Then satex(n, Pk : m, P` ) is attained asymptotically on the
quasi-star or the quasi-clique.
We remark that some cases of this conjecture are covered by Theorem 3.1. This general case
seems rather involved, and the parity of the parameters (k, `) plays a crucial role. For illustration,
see Table 1, which compares the number of paths of given length in quasi-stars, quasi-cliques and
complete bipartite graphs.

Graph families
# of Pk in terms of λ,
1
n  λ ≤ 1,
main term

Co-clique (Quasi-star)
K(1−λ)n

Clique
Kλn

1
k
2 (λn)

Pdk/2e
1
2

t=0

λk−t (1 − λ)t


k−t+1
t

Bipartite graph
Kλn,(1−λ)n

nk

main term of # of Pk
supposing that λ = o(1)

1
k
2 (λn)

1
k/2 k
n for k even
2 (k/2 + 1)λ
1 (k−1)/2 k
n for k odd
2λ

main term of # of Pk
supposing that 1 − λ = o(1)

1
k
2 (λn)

1
k
2 (λn)

(λ(1 − λ))k/2 nk for k even
1
(k−1)/2 k
n for k odd
2 (λ(1 − λ))

λk/2 nk for k even
for k odd

1 (k−1)/2 k
n
2λ

Table 1: Number of paths in quasistars, quasicliques and complete bipartite graph

Inequalities between the number of walks of given length in general graphs has been discussed
by several authors, see e.g. [41]. A notable spectral result in this direction is due to Nikiforov [53],
(G)
≤ λ1 (G)r , for all even integers k and all r ≥ 1. Here wk denotes the
who showed that wwk+r
k (G)
number of number of walk of length k and λ1 is the largest eigenvalue of G. The case when k is
odd was posed as an open problem by Nikiforov [53].
The correspondence (taking aside lower order terms) between the number m of walks and m0
of paths if m is large enough points out the relevance between these open problems.

6

Paths versus cycles or Θ-graphs

In this section we investigate further examples of the generalization of the original supersaturation
problem of graphs, namely when we have a lower bound on the number of paths Pk+1 (k > 2) and
9

seek the minimum number of subgraphs F where F is a cycle of even length or a Theta-graph.
This concept generalizes earlier results of Simonovits and partially of Jiang and Yepremyan, see
[42]. Gishboliner and Shapira [35] determined the order of magnitude of ex(n, Pk , Ct ). Asymptotic
values were determined for some cases in [28, 32]. Our main contribution is the following.
Theorem 6.1. Suppose that m  nk . Then

satex(n, m : Pk+1 , C2k ) ≥

 
m 2
1
.
− o(1)
k
n

Note that if k is even, then the number of paths N (Pk+1 , Kk−1,n−k+1 ) = Θ(nk/2+1 ) while the
graph Kk−1,n−k+1 does not contain any cycle of length 2k, thus a reasonably large lower bound
on m is necessary. Also, N (Pk+1 , Ka,n−a ) = Θ(nk/2+1 ak/2 ) while N (C2k , Ka,n−a ) = Θ(nk ak ),
which means that the order of magnitude of the above bound is best possible and in fact it is
1
1
asymptotically optimal also if n 2 − k  a  n.
If, on the other hand, k is odd then the order of magnitude is smaller as N (Pk+1 , Kk−1,n−k+1 ) =
Θ(n(k+1)/2 ) holds and the complete bipartite graph will not provide optimal structure.
Proof of Theorem 6.1. Choose an arbitrary point pair u, v in an n-vertex graph G containing at
least m paths Pk+1 . Consider the paths Pk+1 with end-vertices {u, v} and denote their number
by m(u, v). We assign a (k − 1)-uniform set system F{u,v} to the set of these paths by taking the
set of inner vertices of each. This provides m(u, v) sets in F{u,v} , of which at least m(u,v)
(k−1)! sets are
distinct. Observe that disjoint pairs of sets in F{u,v} correspond to distinct cycles C2k in G. Thus
we need a lower bound on the number of disjoint pairs in F{u,v} , given the cardinality of F{u,v} .
This problem of supersaturation, related to the famous Erdős-Ko-Rado problem has a long history,
however sharp bounds are still not known in general, see [6]. We apply the recent bound of Frankl,
Kohakayawa and Rödl [23] which provides an asymptotically sharp bound.

√
Lemma 6.2. Let β > 1 be a real number, k  n and suppose that |F{u,v} | = β(k − 1)! n−1
k−2 .
Then the number of disjoint pairs in F{u,v} is at least
dp(F{u,v} ) ≥

 

2
β
n−1
+ (β − bβc)bβc − o(1)
(k − 1)!2 .
2
k−2

This lemma implies that the number of cycles C2k having vertices u and v in distance k is at
least


m(u, v)
(1 − o(1))
,
2
provided that m(u, v)  nk−2 .

Observe that there may exist (k − 1)! n−1
k−2 intersecting (k − 1)-sets according to the Erdős-KoRado theorem, thus we cannot guarantee any edge below the magnitude of nk−2 via this method.
Finally, suppose that m  nk . We drop those pairs of points for which m(u, v)  nk−2 does
not hold and use the Jensen’s inequality to bound



 
X
m(u, v)
n m/ n2
(1 − o(1))
≥ (1 − o(1)
.
2
2
2
V (G)
{u,v}∈( 2 )
m(u,v)nk−2

The derived lower bound may count every C2k k times, thus the number of 2k-cycles is at least

  

n m/ n2
1
− o(1)
,
k
2
2
which completes the proof.
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Remark 6.3. It is easy to see that applying an extremal hypergraph result on the minimum number
of disjoint t-systems of r − 1-sets, one can derive a similar statement on the number of Thetagraphs, obtained from identifying the end-vertices of t paths Pk+1 of length k.
In view of our previous results on satex(n, Pk : m, P` ), we may count cycles Ct in terms of the
number of paths Pk+1 for further pairs (k, t).
1

Corollary 6.4. Suppose that m  nk+1− q Then

satex(n, Pk+1 : m, C2qk ) ≥


2q
1
2m
+ o(1)
.
4k
n

Proof. Apply Theorem 6.1 after Theorem 5.4 and it gives the desired result.

7

Paths versus K2,t

Theorem 7.1. Suppose that t ≥ k. Then we have


satex(n, P2k+1

 m t/k 
: m, K2,t ) = Ω n
,
nk+1
2

provided that m  nk+1 .
First we mention that for fixed parameters k, t, in polarity graphs or in suitably chosen Füredigraphs G we have N (K2,t , G) = 0 while N (P2k+1 , G) = Θ(nk+1 ) in terms of the order n of the
graph G.
Proof. Let us consider a graph G on n vertices. P2k+1 can be obtained by the concatenation of k
paths of length two. This enables us to estimate the number of paths P2k+1 from above as follows.
m ≤ N (P2k+1 , G) ≤

≤

1
2

1
2

X

d(v1 , v2 ) · d(v2 , v3 ) · . . . · d(vk , vk+1 ) ≤

v1 ,...,vk ,vk+1 ∈V (G)

X
v1 ,...,vk+1 ∈V (G)

d(v1 , v2 )k + . . . + d(vk , vk+1 )k
.
k

Observe that
X
v1 ,...,vk+1 ∈V (G)

d(v1 , v2 )k + . . . + d(vk , vk+1 )k
=
k



n−2
k−1

X
u,v∈V (G)

Using that t ≥ k, the power mean inequality implies that
k
u,v∈V (G) d(u, v)

n
2

P

! k1

P

u,v∈V (G) d(u, v)

n
2

≤

hence

 
1 n−2 n
m≤
2 k−1
2

P

t
u,v∈V (G) d(u, v)

n
2

holds. Since
N (K2,t , G) =

X
u,v∈V (G)
u6=v

11




d(u, v)
,
t

t

! kt

! 1t
,

d(u, v)k .

if t > 2 and the half of the expression in the case t = 2, thus we have
X
d(u, v)t = t!(1 + o(1))N (K2,t , G)
u,v∈V (G)

for t > 2, provided that m  nk+1 .

 
m t/k
.
satex(n, P2k+1 : m, K2,t ) = Ω n2
nk+1

To get an upper bound we consider the so-called Füredi-graphs, see [25], on which the maximum
number of edges for K2,r+1 -free graphs is attained asymptotically. For a prime number p and an
integer r which is a divisor of p − 1, the graph H(p, r) has p(p−1)
vertices, and apart from p − 1
r
vertices of degree p − 2, all the vertices have degree p − 1. It is not hard to see (c.f. [52]) that

2k+2
4
N (K2,t , H(p, r)) = Θ( pr2 rt ) while N (P2k+1 , H(p, r)) = Θ( p r ). This shows that Theorem 7.1 is
sharp in a certain range of m.

8

An application to generalized Turán problems

A well-known technique in proving Turán-type results uses supersaturation. In order to show
ex(n, F ) ≤ x for some x, one takes another graph H, gives a lower bound on the number of copies
of H in graphs with x edges, and if that is larger than ex(n, H, F ), then we are done (an example
is the Kővári-T. Sós-Turán theorem, where the other graph is a star).
Here we show an example, where the generalized supersaturation can be used to prove a bound
for the generalized Turán function.


Proposition 8.1. Let s ≤ t and m = nt x. Then satex(n, Kq,t : m, Kq,s ) ≥ ns x.
Remark 8.2. This bound is asymptotically sharp in the case q ≤ s, as shown by the unbalanced
complete bipartite graph.
Proof. Let G be an n-vertex graph with at least m copies of Kq,t . For a t-set T of vertices
in G, let d(T ) denote the number of vertices connected to each vertex of T . Then we have



P
)
)
m ≤ T ⊂V (G),|T |=t d(T
. For each such t-set, we obtain st d(T
q
q  copies of Kq,s such that the
part of size s is in T . We count each copy of Kq,s at most n−s−q
< n−s
t−s
t−s ways. Therefore, the
 n−s

t
n
number of copies of Kq,s is at least m s / t−s = s x.
Proposition 8.3. Suppose that s ≤ t, r ≤ q. Then satex(n, Kq,t : m, Kr,s ) ≥

(nr)(ns)
m.
(nt)(nq)

Proof. We apply Proposition 8.1 twice for the pairs s, t and r, q.
Gerbner, Győri, Methuku and Vizer [28] proved ex(n, C4 , C2k ) = (1 + o(1))
Proposition 8.1, we can prove the following.
 n
Corollary 8.4. ex(n, K2,t , C2k ) = (1 + o(1)) k−1
2
t .

k−1
2

 n
2

. Using

Proof. The lower bound is given by Kk−1,n−k+1 . To show the upper bound, let G be a C2k -free
 n
graph on n vertices. By the result mentioned above, is contains at most (1 + o(1)) k−1
2
2 copies
of C4 . Then Proposition 8.1 with q = s = 2 finishes the proof.
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For sake of completeness, let us discuss ex(n, K2,t , C2k+1 ). Győri, Pach and Simonovits [37]
showed that for any complete multipartite graph H and any `, ex(n, H, K` ) = N (H, G) for some
complete multipartite graph G. In particular, G = Ka,n−a for some a depending on t. Using this,
a straightforward optimisation gives an exact result for ex(n, K2,t , C3 ). Gerbner and Palmer [32]
showed ex(n, H, F ) ≤ ex(n, H, Kk ) + o(n|V (H)| ) for any graph F with chromatic number k. In
particular, this implies the asymptotic result ex(n, K2,t , C2k+1 ) = (1 + o(1))ex(n, K2,t , C3 ).

9

Connection to Berge hypergraphs

An area closely related to generalized Turán problems is the theory of Berge hypergraphs. Extending the definition of hypergraph cycles due to Berge, Gerbner and Palmer [31] defined Berge
copies of every graph.
Given a graph G and a hypergraph G, we say that G is a Berge copy of G (in short: Berge-G)
if V (G) ⊂ V (G) and there is a bijection f : E(G) → E(G) such that for every e ∈ E(G) we have
e ⊂ f (e). We say that G is the core of the Berge-G. Observe that a graph G may be the core
of multiple non-isomorphic hypergraph at the same time, and a hypergraph G may have multiple
cores, that may be isomorphic or non-isomorphic.
Let exr (n, Berge-F ) denote the largest number of hyperedges in an r-uniform hypergraph that
does not contain any Berge copy of F . Chapter 5.2.2 of [33] contains a short survey of the topic.
The connection of generalized Turán problems and Berge hypergraphs was established by
Gerbner and Palmer [32] with the following statement: for any graph F we have ex(n, Kr , F ) ≤
exr (n, Berge-F ) ≤ ex(n, Kr , F ) + ex(n, F ). See [26, 29] for more details on this connection. In this
section we investigate how this connection extends to supersaturation problems.
Observe that there are multiple ways to count copies of a Berge-F in a hypergraph H. The
most natural is to count subhypergraphs of H that happen to be Berge-F . However, each Berge-F
has a core copy of F in the shadow graph (i.e. the graph consisting of the 2-element subsets of
the hyperedges of H). One can count such subgraphs of the shadow graph; those that can be
extended to a Berge-F . Note that such a core can be extended to a Berge-F multiple different
ways potentially, and similarly for a Berge-F there may be multiple cores in the shadow graph
that it extends. This motivates a third way of counting Berge-F ’s: we count each copy of F in the
shadow graph, multiplied by the number of ways it can be extended to a Berge-F in H.
In other words, we can consider the bijective functions defining Berge-F 0 s. Such a function
f maps subgraphs isomorphic to F of the shadow graph of H, to subhypergraphs of H, with the
property that e ⊂ f (e) for every edge of the shadow graph. Then we can count the images of
such function, we denote their number by N1 (H, Berge-F ). We can count the preimages of such
function, we denote their number by N2 (H, Berge-F ). Finally, we can count all those functions,
we denote their number by N3 (H, Berge-F ).
For example, if H consists of all the four 3-sets on 4 vertices, and F is the cherry P3 , then we have
N1 (H, Berge-F ) = 6, N2 (H, Berge-F ) = 12 and N3 (H, Berge-F ) = 36. Obviously for any F and H
we have N1 (H, Berge-F ) ≤ N3 (H, Berge-F ) and N2 (H, Berge-F ) ≤ N3 (H, Berge-F ). On the other
|E(F )|
hand, N3 (H, Berge-F ) ≤ 2r
N1 (H, Berge-F ), as starting from a Berge-F subhypergraph, for
each hyperedge, we have to pick one of its subedges to get a copy of F in the shadow graph.
As often we are only interested in the order of magnitude in n and consider F and r fixed, in
those cases N1 and N3 can be considered roughly the same. This is not the case with N2 . For
example, if H has 3n+3 vertices a, b, c, x1 , . . . , xn , y1 , . . . , yn , z1 , . . . , zn and 3n hyperedges {a, b, xi },
{a, c, yi } and {b, c, zi } for every i ≤ n, then there is only one triangle abc in the shadow graph,
thus N2 (H, Berge-K3 ) = 1. On the other hand N1 (H, Berge-K3 ) = N3 (H, Berge-K3 ) = n3 .
For 1 ≤ i ≤ 3 we denote by satexi (n, m, Berger -F ) the smallest Ni (H, Berge-F ) among runiform hypergraphs H with m hyperedges on n vertices.
Proposition 9.1.
satex(n, Kr : m, F ) ≥ satex2 (n, m, Berger -F ).
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Proof. Let us take a graph G on n vertices, with at least m copies of Kr and satex(n, Kr :
m, F ) copies of F . Let us replace each Kr with a hyperedge on the same vertices. Then the
resulting hypergraph H0 is on n vertices with at least m hyperedges. Let us take an arbitrary
subhypergraph H of H0 with m hyperedges. We claim that N2 (H, Berge-F ) ≤ satex(n, Kr , m, F ).
Indeed, whenever we take a copy of F in the shadow graph of H, it is a copy of F in G (no matter
if it can be extended to a Berge copy in H or not). This finishes the proof.
Proposition 9.2.
 
n
satex2 (n, m, Berger -F ) ≥ satex(n, Kr : m −
, F ),
2
 
n
satex1 (n, m, Berger -F ) ≥ satex(n, Kr : m −
, F ).
2
Proof. Let us consider a hypergraph H on n vertices, with m hyperedges such that N2 (H, Berge-F ) =
satex2 (n, m, Berger -F ). Let us choose an arbitrary order of the hyperedges, and apply the following operation. We pick a subedge from each hyperedge in order, such a way that we pick each edge
of the shadow graph at most once. If it is impossible, because every subedge of the hyperedge has
been picked already, we mark the hyperedge.
Let G be the resulting graph. As each marked hyperedge corresponds to a Kr in G and each
other hyperedge
 corresponds to an edge in G, we have m = |E(H)| ≤ N (G, Kr ) + |E(G)| ≤
N (G, Kr ) + n2 . On the other hand every copy of F in G can be extended to a Berge copy in H
because we picked the edges from
 separate hyperedges.
Thus G has at least m − n2 copies of Kr , and at most satex2 (n, m, Berger -F ) copies of F ,
finishing the proof of the first statement.
To prove the second statement, we choose a hypergraph H0 on n vertices, with m edges such
that N1 (H0 , Berge-F ) = satex1 (n, m, Berger -F ), and proceed the same way. Observe that in the
resulting graph G0 not only every copy of F can be extended to a Berge copy in H0 , but these
copies also consist of different sets of hyperedges, thus there is at most N1 (H0 , Berge-F ) of them,
finishing the proof.
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